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Abstract-The theory of mixtures developed in the last 25 years sets a framework of sufficient flexibility 
for a macroscopic description of composition, relative motion and interaction in soils, provided one 
distinguishes from the outset between phases and constituents in phases. Such an extended kinematics is 
outlined in this paper. It is shown that the balance of mass of any phase or constituent of a phase can be 
expressed in terms of referential coordinates of any other phase or constituent of a phase. Two areas of 
application are outlined: (A) Motion of a liquid phase relative to a solid phase in a nonrigid soil; (B) motion 
of a solute relative to a liquid phase in a partially saturated, rigid soil. 
INTRODUCTION 
Below the land surface lies a complex porous medium. Generally it is a mixture of a solid phase, 
a liquid phase and a gaseous phase. Moreover, each of these phases is generally itself a mixture. 
The solid phase is a mixture of numerous inorganic and organic constituents, many of which are 
positively or negatively charged. Due to respiration and numerous other reactions in the biomass, 
the composition of the gaseous phase may more or less deviate from that of the atmosphere above 
the soil surface. The aqueous phase is a dilute aqueous solution, balancing the charges of the solid 
phase and being strongly buffered by the solid and gaseous phases. For the roots of plants, the 
soil is a resilient provider of nutrients and receiver of excrements. For many purposes it is useful 
to regard the root system itself as yet another phase. The theory of mixtures, which developed 
during the last 25 years into a separate branch of continuum mechanics, sets a framework of 
sufficient flexibility for a macroscopic description of composition, deformation, relative motion and 
interaction in soils, provided one distinguishes from the outset between phases and constituents in 
phases. 
COMPOSITION 
The volume fraction 4, is the fraction of space occupied by phase a(. The volume fractions are 
subject to the constraint 
CA = 1. 
a 
(1) 
For constituent /I in phase a, the bulk density pgs, based on the space occupied by all the phases, 
and the true mass density yza, based on the part of space occupied by phase a, are related by 
PC@ = haa. (2) 
For phase z. the total bulk mass density p. and the total true mass density y. are defined by 
and related by 
Pa = &Yr 
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The total bulk mass density of constituent /I is given by 
(5) 
Introducing equation (2) into equation (5) shows that pP is the 4,-weighted sum of the densities 
.I . /Z/J’ 
P/J = c dG’,p. (6) 
3 
The total bulk mass density is given by the double sum 
P = CCP./?. 
= P 
From equations (I)-(7), it follows that 
(7) 
Thus far the emphasis has been on how the material is distributed in space. To describe more 
directly the composition, various ratios are useful. For example. later it will turn out that for 
nonrigid soils it is useful to consider the ratio of the bulk densities of the liquid and solid phases. 
Another type of ratio of interest in this paper is the mass fraction or concentration c,~,. of 
constituent p in phase r, defined by 
Pap 
cap/* = -. 
Pa 
(9) 
From equations (9) and (3), it follows that the czaia s are subject to the constraint 
Other types of mass fractions can be defined on the basis of ps and of p [l]. 
The essence of a porous material is the presence of a solid phase occupying a certain fraction of 
space. The pivotal role of the solid phase has naturally led to the introduction of some derived 
parameters involving the volume fraction (b, of the solid phase. The phase ratios I:~ are defined by 
The porosity II and the void ratio e are defined by 
(12) 
Introducing these definitions of ,I~, II and e in the volumetric constraint (1) gives constraints on n 
and CJ: 
n = C 4~ e= 1 la. (13) 
IfS Zf‘ 
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REFERENTIAL FORMS OF MASS BALANCES 
Let * be a general subscript denoting a phase 3, a constituent p in phase r or a constituent p. 
Two approaches can be used to describe the motion of *. The spatial approach describes what 
happens to * in the course of time t at places x in space. The material approach describes what 
happens to * in the course of time t at parcels xr of a reference body r. The reference body may 
be any phase CI. Later on in this paper two examples will be discussed: 
(1) for a liquid phase in a soil with a deforming solid phase the appropriate reference 
body is the solid phase; 
(2) for a solute in the liquid phase the appropriate reference body is the liquid phase. 
As labels for parcels of r one can use their locations x, = xr in the reference configuration K at 
some reference time t,. The material description of the movement of r requires that at any time r 
the place x occupied by any parcel xr is known: 
x = x(x,, 0. (14) 
With the spatial description is associated the spatial time derivative S,/&l,. Similarly, with the 
material description is associated the material time derivative d,/irtl,~. The velocity v, of r is 
obtained by taking the material time derivative of the motion as described by equation (14): 
dX 
VT = x X.’ (15) 
i.e. the velocity v, is the time rate of change of the position x of a parcel xr. The two time derivatives 
are related by 
-5 s 3 +vv. I I at Xr at x T’ * (16) 
Equation (14) relates the configuration of a given set of parcels at time t to that at the reference 
time t,. The local properties of the deformation from a reference configuration at time t are 
described by the deformation gradient F, defined by 
F, E !? 
dXr *’ 
Taking the material time derivative of definition (17) gives 
dF & 
-I=( > dr Xr 
x F,. 




where J, is the determinant of F,. The determinant of F, compares the volume currently occupied 
by a parcel of r to the volume it occupied in the reference configuration K. 
The spatial form of the balance of mass for * is 
dp,_ 
at - -v . (P*V*). (20) 
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Adding v; Vp, to both sides of equation (20) and using equation (16) on the 1.h.s. and the product 
rule on the r.h.s., gives 
ap* 
df Xc 
= -V.{p*(v* - VJ) - p*v.v,. (21) 
Multiplying both sides of equation (21) by J,, substituting equation (19X combining the two terms 
with time derivatives and transforming from spatial to material derivatives gives (cf. equation (20) 
of Raats and Klute [2]): 
~P,JJ = -J,F; 1 d{p*(v* - v,)) 
dr x. ax, . 
Since (cf. Section 18 of Truesdell and Toupin [4]) 
d(J,F; ‘) 
~ = 0, 
ax, 
equation (22) can also be written in the form (cf. equation (2.40) of Bowen [S]) 
~P,J,) - =- ~{P,J,K ‘(v* - v,,> 
ijr Xr ax, 




all derivatives involve the material coordinate xr; 
J, transforms the density p* to the configuration of the reference body r at the 
reference time t,; 
F;’ transforms the relative velocity (v, - v,) to the configuration of the reference 
body r at the reference time t,. 
If * = r then equation (24) reduces to 






Integration of equation (25) from t, to t gives 
P,J, = ~rh.. (26) 
Using equation (26) in equation (24) to eliminate J, gives 
(%rKP*IPr) = TX r -C~(P PJP Fr- ‘(v - vr,) * 
et Xr hr 
(27) 
MASS-BASED. MATERIAL COORDINATE FOR ONE-DIMENSIONAL FLOWS 
For one-dimensional processes, in a medium with an initially uniform reference density prz, 
equation (27) reduces to 
G*lP,) ___ =- 3P*b* - 4)) 
A m, am, -’ 
(28) 
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where the mass-based, material coordinate m, is defined by 
m, = PrKxr. (29) 
A method for evaluating m, at any point can be based on the one-dimensional. spatial balance of 
mass for the reference body r [6,7]. For one-dimensional deformation of r: 
8Pr - 8PrCr) - 
at x =--jy. 





then equation (30) is satisfied. Integration of equations (31) and (32) and suitably combining the 
results gives 
where pr,,crO is the mass flux of r at x = 0. If at time t the mass flux pr,,urO between r, and t, and 
the p,-profile at time r are known, then m,[x, t] can be calculated from equation (33). 
In the remainder of this paper two special applications of equation (28) will be discussed briefly: 
(1) movement of the liquid phase relative to the solid phase in a nonrigid soil; (2)movement of a 
solute relative to the liquid phase in a rigid soil. 
MOVEMENT OF THE LIQUID PHASE RELATIVE TO THE SOLID PHASE IN A 
NONRIGID SOIL 
Consider the liquid phase 1 in a soil with a nonrigid solid phase s. Setting * = 1 and r = s in 
equation (28) gives 
(34) 
where MI = p,/pc is the wetness of the soil. If the origin of the spatial coordinate .Y is located at all 
times at the surface of the solid phase and if the surface flux of the solid phase ~,~r,~ = 0. then 
setting r = s in equation (33) gives 
s x m,Cx,tl = m,CO,r,l + ps d.u. (35) 0 
An expression for the flux of the liquid phase relative to the solid phase can be derived from the 
force balance for the liquid phase [ 1,3]. If: 
(1) the inertial force is negligible; 
(2) the gravitational force is the only body force; 
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(3) the pressure of the gaseous phase is atmospheric everywhere at all times; 
(4) the true pressure of the liquid phase gives rise to the bulk stress tensor-&P,; 
(5) the solid phase and the gaseous phase exert upon the liquid phase a buoyancy 
force, which is proportional to the true pressure P, and the gradient of the volume 
fraction 4,; 
(6) the drag force exerted upon the liquid phase is a linear isotropic function of the 
velocity of the liquid phase relative to the solid phase; 
then the force balance for the liquid phase reduces to Darcy’s law [I, 31: 
PdU,-us)= -psk{$z]. (36) 
where k is the hydraulic conductivity, which is a function of the void ratio e and the wetness w. 
The pressure P, appearing in equation (36) is the pressure in a pool of pure liquid connected with 
the soil via a membrane permeable to the liquid but not to the solid and gaseous phases. Devices 
used to measure Pi are called tensiometers and the pressure Pi is sometimes called the tensiometer 
pressure. 
To complete the theory, the gradient of P, is related to the gradients of the wetness w and the 
total pressure P,. Often an energy function is used to further restrict the response. Here I merely 
list some applications of the theory [8,9]. 
In hydrology, and soil science the theory has been used to analyse: 
(1) equilibrium of water and associated distribution of the bulk density of the solid 
phase; 
(2) steady upward and downward flows of water; 
(3) absorption and infiltration of water. 
Technological applications of the theory include: 
(1) sedimentation of slurries; 
(2) filtration of slurries; 
(3) steady, continuous gravity thickening of slurries; 
(4) swelling and shrinkage of contact lenses. 
In biology the theory has been used for: 
(1) swelling and shrinkage of plant tissues; 
(2) swelling and shrinkage of the cornea of the mammalian eye. 
MOVEMENT OF A SOLUTE RELATIVE TO THE LIQUID PHASE IN 
A RIGID SOIL 
Consider a solute cr in the liquid phase 1 of an unsaturated soil with a rigid solid phase. Setting 
* = 0 and r = 1 in equation (28) gives 
(37) 
where c = pa/p, is the concentration of the solute in the liquid phase. Setting r = 1 in equation (28), 
it follows that ml [O,t,] is the parcel of liquid located at the soil surface at time fr. If at time t this 
parcel is still present in the profile, then its depth of penetration 5 is defined by 
m,[t, rl = m,CO, t l (38) 
or equivalently 
p,ou,odt. (39) 
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Introducing equation (39) into equation (33) with r = 1 gives 
m,Cx, tl = 43, Ll + ph. (40) 
Equation (40) describes how the parcels of liquid are distributed around the parcel m,10,t,( that 
was initially at the soil surface. 
The flux of the solute relative to the liquid phase is assumed to be given by 
PdUa - u,) = -D$, 
= -p,D-$ 
I 




If the transport of the solute is purely convective then the r.h.s. of equation (43) vanishes, so that 
ac 
It m, = O. (44) 
There is some evidence that D = BD,, where D, is the molecular diffusion coefficient and 0 is the 
volumetric water content. If so, and if the dispersion occurs in a zone in which the variation of the 
water content is negligible, i.e. 8 [x,t] = e*[t], then equation (43) can be reduced to 
ac a% 
ai,, = -,m:’ (45) 
where 
s * T = D, O*'dt. 1. (46) 






steady downward flow towards a water table [lo]; 
horizontal adsorption by an initially uniform, semi-infinite medium, with constant 
liquid density and concentration c0 at the boundary [6,11,12]; 
horizontal adsorption by an initially uniform, semi-infinite medium, with constant 
flux p,or;lo of the liquid and concentration co at the boundary [7,13]; 
vertical infiltration into an initially uniform, semi-infinite medium, with constant 
liquid density and concentration co at the boundary [7,14]; 
drainage to a deep water table [7]. 
CONCLUSION 
The theory of mixtures provides a flexible framework to describe the composition, kinematics 
and dynamics of soils. In many cases it is appropriate to describe what happens to a parcel of a 
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phase or a constituent of a phase, rather than describe what happens at specific places in space. 
In this paper such an approach is outlined and applied to the motion of the liquid phase relative 
to the solid phase in a nonrigid soil and the motion of a solute relative to the liquid phase in a 
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